Let A be a maximal subdiagonal algebra of a finite von Neumann algebra M. For 0 < p < ∞, we define the noncommutative Hardy-Lorentz spaces and establish the Riesz and Szegö factorizations on these spaces. We also present some results of Jordan morphism on these spaces.
Introduction
The concept of maximal subdiagonal algebras A, which appeared earlier in Arveson's paper [] , unifies analytic function spaces and nonselfadjoint operator algebras. In fact, subdiagonal algebras are the noncommutative analogue of weak* Dirichlet algebras. In the case that M has a finite trace, H p (A) may be defined to be the closure of A in the noncom- Bekjan and Xu presented the more general form of Szegö type factorization theorem: Let  < p, q ≤ ∞. Let x ∈ L p (M) be an invertible operator such that x - ∈ L q (M). Then there exist a unitary u ∈ M and h ∈ H p (A) such that x = uh and h - ∈ H q (A). The second result we wish to mention concerns the following direct decomposition: Let  < p < ∞. Then The remainder of this article is organized as follows. After a short introduction to this article, Section  consists of some preliminaries and notations, including the noncommutative weighted Lorentz spaces and their elementary properties. Section  presents the Riesz and Szegö factorization of noncommutative Hardy-Lorentz spaces. Section  contains some results of outer operators according to noncommutative Hardy-Lorentz spaces. The last section is devoted to Jordan morphism on these spaces.
Preliminaries
Throughout this paper M will be a finite von Neumann algebra with a faithful normal tracial state τ . We refer to [, ] for the theory of noncommutative integration. Let M be a von Neumann algebra acting on a Hilbert space H. We denote by P(M) the complete lattice of all (self-adjoint) projections in M. The closed densely defined linear operator x in H with domain D(x) is said to be affiliated with M if and only if yx ⊆ xy for all y ∈ M . When x is affiliated with M, x is said to be τ -measurable if for every ε >  there exists e ∈ P(M) such that e(H) ⊆ D(x) and τ (e ⊥ ) < ε (where for any projection e, we let e ⊥ =  -e). The set of all τ -measurable operators will be denoted by
is an * -algebra with sum and product being the respective closure of the algebraic sum and product. The topology of L  (M) is determined by the convergence in measure. For
We define
where e (t,∞) (|x|) is the spectral projection of |x| associated with the interval (t, ∞). The function t → λ t (x) is called the distribution function of x and t → μ t (x) is the generalized singular number of x. We will denote simply by λ(x) and μ(x) the functions t → λ t (x) and t → μ t (x), respectively. It is easy to check that both are decreasing and continuous from the right on (, ∞) (cf. 
We also agree that 'decreasing' or 'increasing' will mean 'nonincreasing' or 'nondecreasing' , respectively.
Let L  be the set of all Lebesgue measurable functions on I. For f ∈ L  , we define its nonincreasing rearrangement as
where m denotes the Lebesgue measure on I. The Lorentz space
It is clear that 
For further results about the Boyd index of quasi-Banach spaces, the reader is referred to [, ] .
We consider a couple (E  , E  ) of topological vector spaces E  and E  , which are both continuously embedded in a topological vector space E. The morphisms T : 
We refer to [, ] for these spaces.
non-increasing weighted function, it is clear that p ω is a fully symmetric Banach function space. Let  < p < ∞, then p ω is a fully symmetric quasi-Banach function space. Let x ∈ L  (M) and  < p < ∞. We define
By a simple computation we derive
The noncommutative Lorentz space p ω (M) is defined as the space of all τ -measurable operators affiliated with a finite von Neumann algebra M such that x p,ω < ∞. If ω ≡ , then the noncommutative Lorentz space
For further results about the noncommutative Lorentz spaces L q,p (M), the reader is referred to [] . We should introduce the Köthe dual spaces (associate spaces) generalizing the definition that can be found in [] in the context of classical Lorentz space p ω ,  < p ≤ ∞. We define the Köthe dual space of
Lemma . Let M have no minimal projection for every measurable function f with
is an increasing family of projections in M, and it is clear that
≥ μ δ (x), which complete the proof. 
A is a subset of (, ∞), which implies that x = . The proof of Theorem . of [] shows that it is sufficient to prove the noncommutative form of the Riesz-Fischer theorem, i.e., we have an estimate
whenever the right-hand side is finite. Let
To prove the other inequality, let y ∈
Hence, 
.
If M has minimal projections, we consider the von Neumann algebra tensor product Proof Let e ∈ M and x  > x α ↓  hold in M, then ex α e ↓  holds in L  (M), and so
This tells us that l e is a normal linear functional on M.
, where ' →' denotes a continuous embedding. It follows that there exists some constant C such that
and W (t) ≤ C, t ∈ [, ]. We apply Lemma . and some techniques from the proof of Theorem . in [] . The result follows in the same way as in [] . 
It follows that xq n p,ω = (xq n x)
The identity in M is denoted by , and we denote by D a von Neumann subalgebra of M; moreover, we let E : M → D be the unique normal faithful conditional expectation such that τ • E = τ . A finite subdiagonal algebra of M with respect to E (or D) is a w * -closed subalgebra A of M satisfying the following conditions:
(
ii) E is multiplicative on A, i.e., E(ab) = E(a)E(b) for all a, b ∈ A;
(iii) A ∩ JA = D. D is then called the diagonal of A, where JA = {x * : x ∈ A}. We say that A is a maximal subdiagonal algebra in M with respect to E in case that A is not properly contained in any other subalgebra of M which is subdiagonal with respect to E. It is proved by Exel (Theorem , [] ) that a finite subdiagonal algebra A is automatically maximal. This maximality yields the following useful characterization of A:
where In what follows, we will keep all previous notations throughout the paper, and C will always denote a constant, which may be different in different places. Unless otherwise stated, it will be assumed throughout that Lorentz spaces 
For two nonnegative (possibly infinite) quantities A and B, by A B we mean that there exists a constant C >  such that A ≤ CB.
Subsequently, Bekjan and Xu (Proposition ., []) showed that
(ii) Let  < p ≤ q ≤ ∞. Since M is a finite von Neumann algebra, then
and so
, where ' →' denotes a continuous embedding. 
Moreover, this implies that
H r  (A) → H p,ω (A) → H r  (A). (iv) Let  < p < ∞ and ω ∈ B p . Then Theorem A of [] implies that p ω satisfies property (.). (v) If  < α p ω ≤ β p ω < ∞ and
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A  , n = , , . . . . Hence, x n → x in the measure topology. This means that x n y → xy in the measure topology holds for every y ∈ A  . By Remark .(iii), we obtain
Using Theorem . of [], we obtain
which implies that τ (xy) = , and so
Conversely, let x ∈ {x ∈ 
, we deduce τ (xy) = τ (E(xy)) = τ (E(x)E(y)) = . This is a contradiction, and so the first equality holds. A similar argument to the proof of above shows that
On the other hand, let
Corollary . of [] that τ (xy) = τ (E(xy)) = τ (E(x)E(y)) =  holds for all y ∈ A  . This implies that x ∈ H p,ω (A), and so there exist x n ∈ A, n = , , . . . , such that x -x n p,ω → , n → ∞.
On the other hand, Remark .(v) shows that E is bounded on p ω (M). It follows from the fact E(x) =  that
, which implies the second equality holds. For the third equality, it is clear that
. By the first equality, we have x ∈ H p,ω (A).
On the other hand, if r <  and 
. Similarly, the fourth equality holds.
Proof By the fact α rp
On the other hand, if 
Repeating this argument, we again get the same factorization for x n- u n : x n- u n = u n- h n- , and then for x n- u n- , and so on. In this way, we obtain the factorization
. We write h = h  · · · h n , then x = uh is the desired factorization. (ii) Let  < p < ∞ and
adapting the proof of Theorem ., we complete the proof.
ilarly, the second equality holds. 
Proof The case where max{q, r} = ∞ is trivial. Thus we assume max{q, r} < ∞. Let x ∈ H p,ω (A) and ε > . We write a = ( 
Outer operators according to H p,ω (A)
Let x be a τ -measurable operator with lim t→∞ μ t (x) = . The Fuglede-Kadison determinant (x) is defined by
where dν |x| denotes the probability measure on R + which is obtained by composing the spectral measure of |x| with the trace τ . We refer the reader to [, ] for more information on determinant. In the classical function algebra setting, one assumes that D = A ∩ JA is one-dimensional, which forces E = τ (·). If in our setting this is the case, then we say that A is antisymmetric. It is worth remarking that the antisymmetric maximal subdiagonal subalgebras of commutative von Neumann algebras are precisely the weak* Dirichlet algebras. It is clear that A is antisymmetric if and only if dim D =  (equivalently, D = C).
(i) If h is left or right outer, then (h) = (E(h)). Conversely, if (h) = (E(h)) and (h) > , then h is left and right outer (so bilaterally outer too). (ii) If A is antisymmetric and h is bilaterally outer, then (h) = (E(h)).

Proof
The following corollary is a consequence of Proposition .. 
Corollary . Let h ∈
